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1. Introduction. 

In this paper an exposition will be given which is similar in structure 
to the classical calculus of variations for the determination of necessary 
conditions for the existence of a field of extremals for control problems, 
where the control variables or the state variables are subject to a set of 
inequality conditions. 

If necessary conditions are derived for the existence of a field of ex- 
tremals starting from a fixed point Xo i for a value t o of the parameter t0 
it is relatively simple to derive Pontryagin's principle [Ref. i]. 

Starting with a simple formulation of the necessary conditions for the 
minimum of a function of n variables x i, which is the basic problem of 
non-linear programming, at one side and a rederivation of the classical 
Weierstrass condition at the other side, Pontryagin's principle for this 
never restricted case (existence of a field) is found. Here still variations 
are admitted which show discontinuities in the control variables for arbitrary 
values of the parameter t. It appears, however, that only discontinuities 
in the extremals will occur at a change of constraint conditions. 

Hence it does not seem necessary to admit such discontinuities for 
arbitrary values of t, and the derivation of the corresponding conditions 
can be given for intervals; where a certain set of equality conditions are 
satisfied throughout th~s interval. 

Then the derivation goes completely along the classical lines Ecompare 
e.g. Ref. 2]. 

For constraints on the state variables a similar reasoning immediately 
leads to results, which are a generalization of Pontryagin's result for one 
restriction [Ref. 1,  chapter IV]. 

Finally it is shown that for time-optimal systems which are linear in 
the state and control variables, the solution requires the solution of a 
linear programming problem at each instant t. Here it is obvious that 
always discontinuities in the control variables occur, which correspond to 
a switch from one constraint to another. 

It should be remarked that most of the results given here can be found 
in the recent work of Hestenes [Ref. 3]. 

2. The m in imum of  a funct ion o f  several  variables with inequality constraints .  

As an introduction to the method which will be followed in the succeeding 
sections, we consider the minimization of a function F(x i) of n real variables 
x i (i = 1 ..... n). 

The function F(x i) is supposed to be of class C 2, i.e. the partial deri- 
vatives FxixJ exist everywhere and are continuous. 

The problem is formulated as the requirement to determine a point ~i 
where F(x l) has a minimum value in the region R, determined by a set 
of inequality constraints 

f k ( x i )  <_-- O, k = 1 . . . . .  r n .  

where the fk(xi) are also of class C 2. 

* Technological University, Delft,  the Netherlands. 



16 0 R. Timman 

In order to derive a set of necessary conditions, we assume that ii is 
a minimum point, satisfying the conditions 

fk(:~i) = 0, k = 1 . . . . .  1 =< n, 

fk(~i )  < 0, k = 1+1 . . . . .  m .  

T h e n  f o r  a n y  v a r i a t i o n  5x i s a t i s f y i n g  

fk(:~i + 6x  i) s 0, k = 1 . . . . .  m ,  

w e  m u s t  h a v e  

F ( s  + 5x  i) > F ( ~ i ) .  

In  o r d e r  to  t r a n s f o r m  t h e s e  c o n d i t i o n s  w e  f u r t h e r  a s s u m e  t h a t  F ( x  i) i s  
l o c a l l y  c o n v e x  in  a n e i g h b o u r h o o d  of  i i  a p r o p e r t y  w h i c h  i s  d e f i n e d  b y  the  
c o n d i t i o n  t h a t  f o r  a l l  v a r i a t i o n s  in  t h i s  n e i g h b o u r h o o d  

F ( x  i + 5x  i) - F ( x  i) - F~j6xJ>_- 0. 

G e o m e t r i c a l l y  t h i s  m e a n s  t h a t  t he  s u r f a c e  F ( x  i) in  a n + l - d i r n e n s i o n a l  
s p a o e  i s  e v e r y w h e r e  a b o v e  i t s  t a n g e n t  p l a n e .  

T h e n  the  r e q u i r e m e n t  c a n  b e  r e p l a c e d  b y  

F(~ ~ + ~x i) - F(~ i)_-> F~j~x j>__ 0, 

f o r  s u p p o s e  t h a t  f o r  a c e r t a i n  s e t  of  v a r i a b l e s  5xJ 

F~j 6x j ~ 0, 

w e  c a n ,  r e g a r d i n g  the  e x i s t e n c e  of  c o n t i n u o u s  d e r i v a t i v e s  of  s e c o n d  o r d e r ,  
e x p a n d  F ( ~  i + 5x i) i n t o  a T a y l o r  s e r i e s :  

F ( x  i + ~x i) F ( x  i) = F~j ~x j + ~FxixJ ~x l~x  J, 

. .  w h e r e  x~xJ d e n o t e  t he  d e r i v a t i v e s  in a p o i n t  o f  the  n e i g h b o u r h o o d .  

Introducing a factor k > O, we then have 

F ( x  i + ~tSx i) F ( x  "i) = F~j ~.Sx j + 1 ~ 2 ~  . .  ~x i~x  j 2 ~ ~ XlXJ 

( w h e r e  FxixJ m a y  be  d i f f e r e n t  f r o m  the  p r e v i o u s  v a l u e  FxixJ ). 

B y  t a k i n g  k s m a l l  e n o u g h ,  i t  i s  p o s s i b l e  to a r r a n g e  t h a t  the  f i r s t  t e r m  
of  t h e  r i g h t - h a n d  s i d e  e x c e e d s  the  s e c o n d  one  in  a b s o l u t e  v a l u e .  In  t h i s  c a s e  

F(X i + )ISX i) - F ( ~  i) < 0 

in  c o n t r a d i c t i o n  to  the  a s s u m p t i o n .  
In  a s i m i l a r  w a y  i t  c a n  be  s h o w n  t h a t  the  c o n d i t i o n s  

fk (~ i  + 6x  i) ~ 0, k = 1 . . . . .  1. 

c o r r e s p o n d i n g  to  the  e q u a l i t y  c o n s t r a i n t s  

fk(~:i) = 0, k = 1 . . . . .  1. 

i m p l y  t h a t  
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fk " ~i 6x1-<- 0, k = 1 ..... I, 

On the other hand inequality constraints 

fk(~i) < 0, k = i+i .... ,m, 

do notimply an essential restriction on the 6x i, for, if max(6x i) is sufficiently 
small, we always have 

fk (~ i  + 6x i) < 0, k = 1+1 . . . . .  m ,  

b e c a u s e  o f  the  c o n t i n u i t y  o f  t he  f k ( x i ) .  
F r o m  t h e s e  c o n s i d e r a t i o n s  f o l l o w s  the  n e c e s s a r y  c o n d i t i o n  f o r  a l o c a l  

m i n i m u m  t h a t  

F i 6X i _-- 0, i = 1 ..... n, 

for all variations 6x I which satisfy 

fik6x i <--__ 0, k = 1 ..... I; i = 1 ..... n. 

Here the derivatives F~i and fK k ~, are abbreviated as F i and ft. For a 

further treatment we introduce 1 slack variations 6z k __> 0, so that 

fik6x i + 6z k = 0. k = i,...,i; i = i, .... n. 

The constraints are siipposed to be independent. This means that in the 
region considered the rank of the matrix fi k is I. 

Then by rearranging the variables, we can always obtain that 

det(fi k) ~ 0, k = i, .,i; i= 1 ..... I. 

Rewriting the constraint conditions as 

fik6x i = -flk+h6X l+h 6z k, i, k = 1 .... ,i; h = i, .... n-l, 

the first 1 6x i can be expressed into the remaining 6x i and 6z k. For this 
expression is needed the reciprocal matrix T~ of the fk, defined by 

i k i i, for i = j, Tkf j  = 6j = 

= 0, f o r  i # j .  

T h i s  g i v e s  

6x i _ i f k  6xl+h _ T~6z  k 
= - 7 k  l+h 

where now the 6x l+h are no longer subject to any restriction and the 6z k 
are >__0. These values are substituted in the requirement 

�9 6 X l+h Fi6x I + Fl+ h _>-- 0, i = 1 ..... I; h = l,...,n-l. 

yielding 

i k )6xl+h (FI+ h - FiTkfl+h - FiT~6z k = 0 

for arbitrary 5x l+h and 6z k >_ O. 
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I n t r o d u c i n g  the  v e c t o r  

i i, k = 1 .... I, Pk = 7 k F i  ' 

w e  h a v e  

(Fl+h - Pkf~+h ) 5xl+h - Pk 5zk >---- 0. 

S i n c e  the  5x l+h a r e  a r b i t r a r y ,  t h i s  l e a d s  to  

k 
FI+  h - Pkfl+h = 0, k = 1 , . . . , 1 ;  h = 1 , . . . , n - I ,  

a n d  s i n c e  t he  5zk>= 0, the  Pk m u s t  s a t i s f y  t he  r e s t r i c t i o n  

pk<__ 0. 

( T h i s  i s  e s s e n t i a l l y  t he  F a r k a s  l e m m a ) .  
F ~ o m  the  d e f i n i t i o n  of  t he  Pk w e  s e e  t h a t  a l s o  

F i  - Pk f k  = F i ~  "YJkFj fki = F i  - 5~Fj ' =  Fi  - F i  : 0, i = 1 , . . . , 1 .  

T h i s  r e s u l t  j u s t i f i e s  t he  L a g r a n g e  m u l t i p l i e r  m e t h o d :  
I f  F ( x  i) h a s  a m i n i m u m  f o r  x i = ~ i  w i t h  e q u a l i t y  f o r  1 o f  t he  c o n s t r a i n t s  

fk(~i) = O, k = I ..... I, 

there exist 1 multipliers Pk <--- 0 (k = 1 .... ,I), so that 

k 
F i -pkfi = O, i = 1 ..... n. 

If the constraints are also locally convex, we now can easily derive the 
Kuhn-Tucker theorem by a consideration of the function 

R(xi, qk) = F(x i) - qkfk(xi), i = 1 .... ,n; k = 1 ..... m. 

Here the variables x i satisfy the constraints 

f k (x i )  ~ 0, k = 1 . . . . .  m ;  1 = 1 . . . . .  n ,  

while 

qk ~ O, k = 1 ..... m. 

If~i is the minimum point and qk = Pk for k = 1 ..... I, and q k = 0 for 
k = I+I ..... m, this theorem states that 

R( x i ,  Pk) ----> R(:~i '  Pk) >---- R(=~i, qk) .  

In  f a c t ,  in  the  r e g i o n ,  w h e r e  F a n d  fk  a r e  a l l  c o n v e x :  

R( x i ,  Pk) - R ( x i ,  Pk) = F ( x i )  - F ( i i )  - P k { f k ( x i )  - f k ( i i ) }  

__>Fi(x i _ i i )  _ p k f ~ ( x  i _ i i )  = (F i _ pk fk )  (x i _ i i )  = 0. 

O n  the  o t h e r  h a n d  
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f l+j R ( x i , p k  ) - R ( x i ' q k )  = F ( x i )  - p k f k ( ~ i )  - F ( x i )  + qk fk(~i )  + ql§ (~i) = 

= f l+j ql+j (:~i) >____ 0, k = i, .... I; 
j = I, .... m-lo 

The function R(x i, qk)has a saddle point in ~i Pk, i. e, it has a minimum 
with respect to the x and a maximum with respect to the qk- 

3. The problem o / the  classical calculus of variations, 

As  a p r e p a r a t i o n  f o r  the  i n v e s t i g a t i o n  of  t he  m i n i m i z a t i o n  of  i n t e g r a l s  
relating to control systems, some basic theorems of the classical calculus 
of variations will be rederived following a method which is also applicable 
to control problems. 

Instead of a function F(x i) we now consider an integral 

T1 

J = [ F(xi(t), xi(t), t) dt, i = 1 ..... n, 

T 

where the function F is of class C 2 in the variables x i, ~i t and the xi(t) 
are functions of a parameter t. The end points of the integral are fixed 

for t To : x i i ---- ---- X O, J 

for t = T I: xi = X~. 

The requirement is to find a set of functions xi(t), for which the value 
of the integral J is a minimum compared to other curves xi(t)running 
through the same points. 

In order to facilitate the later discussion, the integral is written into 
the form 

T1 

J = J F ( x i ( t ) ,  Ui(t) ,  t) d t ,  

T o 

w h e r e  the  x i and  u i a r e  r e l a t e d  by  

2 i = u~(t) ,  i = 1 . . . . .  n.  

I f  the  v a l u e s  of  x i f o r  t = T~ a r e  f i x e d ,  the  v a l u e s  of  x i a r e  c o m p l e t e l y  
d e t e r m i n e d ,  i f  t he  v a l u e s  of  u l ( t )  a r e  g i v e n .  W e  f o l l o w  the  m e t h o d  Of s e c -  
t i o n  2 r e g a r d i n g  the  e q u a t i o n s  a s  c o n s t r a i n t s .  I f  a n e c e s s a r y  c o n d i t i o n  i s  
to  be  d e r i v e d  f o r  the  m i n i m i z a t i o n  p r o b l e m ,  i t  i s  a g a i n  s u p p o s e d  t h a t  

T 1 

J = ; F(:~i( t ) ,  •i(t),  t) d t ,  

T o 

has a minimum value compared to other curves xi(t), ui(t). 
Then for any other curve 

ui ( t )  = l]i(t) + 6u i ( t ) ,  

xi ( t )  = ~ ( t )  + ~x i ( t ) ,  

we must have 
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T1 /,TI 

I + + tl dt j r  t)dr. 
T O To 

Since the starting points are fixed, we have 

t 

6xi( t )  = .[ 6ui(~)dT. 

T o 

F o r  a f i xed  end po in t  the c l a s s  of 6ui(t)  is  r e s t r i c t e d  by  the  c o n d i t i o n  

T 1  

5 x i ( T 1 )  = [ ~ui(~ ' )d~ " = 0. 

T o 

I n s t e a d  of r e s t r i c t i n g  the v a r i a t i o n s  5u i to th i s  c l a s s ,  we c o n s i d e r  p r i -  
m a r i l y  g e n e r a l  v a r i a t i o n s  5u i, wh ich  v a n i s h  f o r  t = To bu t  o t h e r w i s e  a r e  
on ly  r e s t r i c t e d  by  the c o n d i t i o n  tha t  the  c o r r e s p o n d i n g  5x i a r e  s m a l l  of 
o r d e r  e. 

A v a r i a t i o n  ~u 1 is  c a l l e d  an e - v a r i a t i o n ,  if  i t  i s  i n t e g r a b l e  (in the L e -  
b e s g u e  s e n s e )  and if ,  f o r  any  b o u n d e d . f u n c t i o n  ~}(t), i . e .  I~}(t)] <__ M f o r  
To -< t <__T 1 the i n t e g r a l  

m a x  e( t )Sui ( t )d t  < eM.  

i To 

A s p e c i a l  c l a s s  of t h e s e  v a r i a t i o n s  o c c u r s ,  when  5ui(t)  is  u n i f o r m l y  s m a l l ,  
i . e ~  

maxi 5ui( t )  N T I _ T o  , 

but  a l s o  l o c a I l y ,  f in i te  v a l u e s  of 5u i o v e r  a s h o r t  i n t e r v a l  c an  be a d m i t t e d ,  
e ~ 1 7 6  

1 
5u I = 0, T o <= t < T - g e 

�9 U i ~u ~ = , T �89 <=t <__T + �89 

5u 1 = e, T + �89 < t < = T 1 ,  

w h e r e  m a x  U i = 1. 
F o r  t h e s e  g e n e r a l  v a r i a t i o n s  t h e  end po in t  i s  not  n e c e s s a r i l y  f i xed  , in 

p a r t i c u l a r  f o r  the  v a r i a t i o n  quo ted  above  5xl(T1 ) = eUL 
F o r  th i s  type  of v a r i a t i o n s  n e c e s s a r y  c o n d i t i o n s  wi l l  be d e r i v e d  f o r  a 

c a s e  wh ic h  o c c u r s  m o s t l y  in  a p p l i c a t i o n s ,  v i z .  the e x i s t e n c e  of a f i e l d  of 
e x t r e m a l s  s t a r t i n g  f r o m  the po in t  X~o at  r = To .  

T h e  f i e l d  of e x t r e m a l s  e x i s t s ,  i f  f o r  e v e r y  po in t  X i of a c e r t a i n  open  
r e g i o n  G in R n and e v e r y  T of an  open  i n t e r v a l  a c u r v e  e x i s t s  w h ich  j o in s  
Xio, To wi th  X i,  T ,  so  tha t  a l ong  th i s  c u r v e  the i n t e g r a l  

T 
J (X  i, T) = ~ F (x i ( t ) ,  u i ( t ) ,  t)dt;  u i = i i 

To 
J 

is  a m i n i m u m  c o m p a r e d  to any  o t h e r  d i f f e r e n t i a b l e  curve , ,  f o r  wh ich  xi(To ) = 
1 1 1 1 = X o and x (T) = X. Moreover the minimum value J(X ,T) of the integral 

considered as a function of X ~ and T is supposed to have partial derivatives 
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of the first order with respect to the variables X i and T. 
Consider now an extremal of the field which reaches the point X~ at 

t = TI. We first derive the classical Euler-Lagrange equations for varia- 
tions along this curve, which are uniformly small. 

c 
If max l~ui(t) l ~ T l-To" 

i 

we have 

I xi I _- <= ( .  

To 

T h e  d i f f e r e n c e  of the i n t e g r a l  a l o n g  xi(t),  l~i(t) and  the  v a r i e d  c u r v e  

T1 
f {F(~i + ~x i, ~i 4-~u i, t)- F(x i, u i, t)}dt 

Tj 

can now be expanded into a Taylor series. This gives 

(Fi ~x i 4- F~i ~ui)dt 4- 0((2) = ~i fiui(~') d'r + F~i 6u dt + 0(e2). 

T O T T O 

The integral is now transformed by partial integration. We introduce a 
vector Pi . which satisfies 

and  f ind  f o r  u n i f o r m l y  s m a l l  e - v a r i a t i o n s  6u i t h a t  the  d i f f e r e n c e  i s  

~ u i ( r ) d r  + F~i ~u i dt  + 0(e 2) = 

T 

1" Y> } = i fiui(r)d7 + Pi + FQ i 6ui(t) dt+ 0(e2) = 

T e T o To 
T1 

= P i ' x i ( T 1 ) 4 .  ~ ( -  Pi 4. Fffi} ~ui(t)dt  4. 0((2)" 

T O 
Since  we a s s u m e d  tha t  e v e r y  po in t  in a n e i g h b o u r h o o d  of X~ in the  f i e ld  

could, be  r e a c h e d  b y  an  e x t r e m a l ,  we c a n  m a k e  ( s u f f i c i e n t l y  s m a l l  t h a t  
Xll + ~x i c a n  be r e a c h e d ,  

We r e g a r d  f u r t h e r  t ha t  P i ( T 1 ) w a s  a r b i t r a r y .  I f  we c h o o s e  a s  b o u n d a r y  
v a l u e s  f o r  Pi the  v a l u e s  Jx~ ' the  t e r m  Pi~X * e x a c t l y  e q u a l s  the  d i f f e r e n c e  

i i i b e t w e e n  the m i n i m u m  v a l u e s  of  the i n t e g r a l s  f r o m  X o to X 1 and  to X 1 + 
+ ~xi (T1)  ( a p a r t  f r o m  t e r m s  of s e c o n d  o r d e r ) .  

This means that in this case 

T 

Pi + 8u ( t )dt  + 0(e 2) > 0. 

To 
Since for sufficiently small e the first term is dominant and 6u i is at- 
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b i t r a ry ,  this leads  to 

Pi : F~ . 

Regarding the definition of Pi we see that 

d 

which expresses the Euler-Lagrange equations. 

4. The Weier s t rass  condition. 

For general ~-variations the preceding consideration is not valid. If the 
integrand is developed into a Taylor series with respect to 6u i, the re- 
mainder terms are no longer of order 6 2 uniformly in the interval, how- 
ever, this still applies to the expansioh with respect to 6x I. 

We again consider necessary conditions for the existence of a class of 
extremals which join the point Xio at t = T o to every point of a certain 
neighbourhood of the point X~ at values in an interval round T I. 

Suppose xi(t), ui(t) is the extremal which reaches X~ at t = T l . The 
expression for a neighbouring extremal in rewritten 

T1 
J (F(xi( t ) .  Ui(t), t) - ~(Xi(t.), l~i(t), t )}dt  = 

To 
T1 

: [ {F(x% a i, t) - F(x ~, ~i, t)+F(x% ~, t) - F(~ ~, ~*, t)}dt 
at 

T o 

an(l use is made of the expansion 

F(x i ,~ i , t )_F( :~  i , [ i  t) = F(~ i + 5x i , ~ i  t) - F ( x  i ,~ i , t )  = F ~ i ( ~ i  ~i , t)Sx ~ + 0(c2). 

This  leads  to 

T1 
[ { ix u', + % + 

T o 

The first term is also of order c. In fact, according to the mean value 
theorem 

F(x i, U i, t) - F(x i, ~i t) : Fui(ui-Ei) : F.i~ui, 

where the derivative ~ui is bounded. 

Using the fact that 6u i is an c-variation the integral 

T1 

~ (F(x i, u i, t) - F(x i, I~ i. t)}dt 

T O 

is of order e, together with the second part of the integral. 
As before the integral is iransforn-led by partial integration. Defining the 

Pi by 

15 i = F i 
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the result is: 

T 1 

Pi(T1)6xl (Tl )  + / {F(xi ui t) F(~:i ^i i) �9 - U ,t) - Pi6U dt + 0(62). 

T O 

The end values Pi(Tl) are now fixed as the values of the partial derivatives 
of the minimum values of the integrals j(Xil + AX i, T 1 + AT) as functions 
of X[ and T!: 

Pi = Jx  i " 

Then the integral passes into 

T 1 

J(X~+6xi.  Tt) - J(X[ ,T1)+ / { F ( x i ' u i ' t )  - F(xi ,  l~i,t) - Pi6ui}dt + 0(e2). 
T O 

With these values of Pi, which are now fixed by the end conditions the 
integral 

I (F(x i ,L l i ,  t) - F(X i, l~ i, t) - Pi(U i - u i ) )d t  + 0(e 2) 

T O 

represents the difference betwe.en the integrals of the varied curve and the 
extremal to the point X[ + 6x ~. 

The condition then transforms into 

T1 

j {F(xi'ui't) - F(xi'~li't) - Pi(Ui-l~i)} dt+ 0(62) >--- 0" 

T O 

If this is to be true, a necessary condition is that for every e-variation 
6u i the first order part 

T1 �9 
j {F(xi'ui't) -F(xi'l~i't) - Pi(ui-l~i)} dt ~ 0" 

To 

Now take for u i the variation for arbitrary T in the interval 

6u i = 0, 

6u i = U i, 

6U i = 0j 

1 
T O <___ t <T -~e, 

t T O - �89 <_t <_T+~c, 

T + � 8 9  < t  g T  1 . 

This shows that 

T+�89 

~[ { F(x i*~i  + Ui '  t) - F ( x i ' ~ i '  t) P iUi}d t  => 0 

fo r  a r b i t r a r y  s m a l l  va lues  of e. 
Th i s  is  only  p o s s i b l e ,  if fo r  e v e r y  T (except  p o s s i b l y  in a se t  of m e a s u r e  

zero) 

F(x i, ~i i + U I, t) - F(x i, u I, t) - pi u ___> 0. 
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I f  we u s e  the  E u l e r - L a g r a n g e  e q u a t i o n s ,  thus  Pi = F u i ,  we  o b t a i n  the 
Weierstrass condition. 

If the variations 6u I are subject to restrictions, the Euler-Lagrange 
equations are not necessarily satisfied, but the foregoing reasoning holds 
for all admissible 5u I. 

5. The variational equations of control theory. 

In  c o n t r o l  t h e o r y  the f u n d a m e n t a l  p r o b l e m  i s  the  m i n i m i z a t i o n  of an  
i n t e g r a l  

J i F ( x i , u k , t ) d t ,  i = 1, . . . .  n; k = 1 . . . . .  m ,  

T O 
w h e r e  the  s t a t e  v a r i a b l e s  x i d e p e n d  on the  c o n t r o l  v a r i a b l e s  u k t h r o u g h  a 
s e t  of  d i f f e r e n t i a l  e q u a t i o n s  

fi{xJ(tl, uk(t),t}. 
T h e  f u n c t i o n s  F ,  .fi a r e  s u p p o s e d  to be  of  c l a s s  C 2 in the  v a r i a b l e s  x i, u k. 

I f  the  i n i t i a l  po in t  x l (To)  = xio i s  f ixed ,  the  t r a j e c t o r i e s  a r e  u n i q u e l y  d e t e r -  
m i n e d  b y  a c h o i c e  of the c o n t r o l  v a r i a b l e s  uK(t). 

In  g e n e r a l  t h e s e  v a r i a b l e s  a r e  s u b j e c t  to c e r t a i n  i n e q u a l i t y  c o n s t r a i n t s .  
T h e  p r o b l e m  i s  to d e t e r m i n e  a s e t  of c o n t r o l  v a r i a b l e s  ilK(t), s o  t ha t  a 
po in t  X [  i s  r e a c h e d  a t  a v a l u e  t = T 1 and  the  i n t e g r a l  a l o n g  the  t r a j e c t o r i e s  
~l( t ) ,  d e t e r m i n e d  b y  t h e s e  c o n t r o l  v a r i a b l e s ,  h a s  a m i n i m u m  v a l u e  c o m -  
p a r e d  to a l l  o t h e r  t r a j e c t o r i e s  w h i c h  j o in  X~, T O wi th  X [ ,  T 1. 

We s h a l l  d e r i v e  n e c e s s a r y  c o n d i t i o n s  c o r r e s p o n d i n g  to  a m o r e  g e n e r a l  
s i t u a t i o n .  

H e r e  i t  w i l l  be  a s s u m e d  tha t  t h e r e  e x i s t s  a c l a s s  of e x t r e m a l s  w h i c h  
j o i n  the  po in t  Xio, T O wi th  e v e r y  po in t  of a n e i g h b o u r h o o d  

X i = Xii + AX i, T = T1 + AT of the po in t  X~, T i .  

Before deriving these necessary conditions for the minimization, we study 
the relation between e-variations 6u k and the corresponding variation 5x k. 

We recall that 5u k is an e-variation, if for every bounded function 0(%) 
wi th  10(t) l <__ M 

T 1 

m a x  1 0(t) uk( t )d t  ~ eM.  
k J 

T O 
The varied curve x i + 6x i is a solution of 

~i + 6~i _ f i{xJ  + 6X j,  uk + 6U k ' t}  

and the v a r i a t i o n  6x i s a t i s f i e s  

61< i = f i (xJ  + 6X j, uk + 6U k, t } -  f i (x J ,  uk ,  t} .  

We f i r s t  show t h a t ,  i f  6u k is  an c - v a r i a t i o n  n e g l e c t i n g  t e r m s  of s e c o n d  
o r d e r ,  6x i i s  u n i f o r m l y  s m a l l  and i s  a s o l u t i o n  of a n o n - h o m o g e n e o u s  
l i n e a r  e q u a t i o n .  

H e r e t o  we e x p a n d  the  r i g h t - h a n d  s ide  in a T a y l o r  e x p a n s i o n  wi th  r e s p e c t  
to 6x i 
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~ i  = fi{xJ + 5xj U k + 5uk t } _  fi{xJ uk + 6uk t} + fi{xJ uk + 5uk t } _  

- f i{xJ ,uk  t}  = f i .6xJ  + f i (xJ ,uk + 6U k t ) - f i (x J ,  u k , t ) +  �89 1 
' XJ J 

where the last term denotes the second derivatives in an intermediate point. 
The equation will be transformed into an integral equation of Volterra 

type for 5x I by an investigation of the non-homogeneous linear equation 

~i i~j + gi = f j  

i = fi .  where fj x]' 

The equation is solved by means of the solution of the adjoint equation 

~j = - fi~/i , 

remarking that for every solution ~i of the first equation and every solution 
~/i of the adjoint equation 

dt 

h e n c e  f o r  the s o h t i o n  ~i of the  n o n - h o m o g e n e o u s  e q u a t i o n  w h i c h  is  z e r o  
fo r  t = T o and any  s o l u t i o n  ~i of the a d j o i n t  e q u a t i o n  

t 
%i (t)~i(t) = f ~pi(T)gi(.r)d~.. 

T O 
In order to solve ~i we remark that for any solution r~ i of the homogeneous 
equation 

~i i j 
= fj~ 

and ~i we have 

d 
d--t (~i~bi) = O. 

i which for t = T O passes into the unit vectors Now take a set ~j 

r/~(T o) = 5ij 

and f o r  ~i k a l s o  a s e t ,  f o r  w h i c h  

then 

]( ik k 

and  we s e e  tha t  the  m a t r i x  ~ik(t) is  the  r e c i p r o c a l  of the m a t r i x  ~i(t) .  

Since 

t 

~i (t)~ik(t) = j r ("r)d'r, 

T O 
we have 
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or 

t 
~i(t}~)k(t)~(t) : FlU(t) j ~k(T)gi(T)dT 

T o 

t 

~J(t)  = rlik(t) f @ik(~')gi(~-)d~ ". 

T o 
In t h i s  w a y  w e  t r a n s f o r m  the  e q u a t i o n  f o r  5x ~ in to  

t t 

T O To 

Now@k(t) and ~?~(t)are bounded and fi(uk + 5u k) fi(u.k) = ~iuk6Uk from the 

mean value theorem. Application of successive approximations gives for 
6xi(t) a series. The first term is of order c, since 6u k is an e-variation. 

Then the successive additions which result from the last term in the 
integral equations are of order e 2. 

Hence we can write 

t 

6Xi(t) = Y/~(t)f ~k [fi(uk 1 i(T) + 6U k) - fi(uk) dT+ 0(6 2) 

T o 

and to the first order of approximation 6x ~ satisfies the non-homogeneous 
linear equations 

6:::i(t) : fi6xJ(t) + fi(uk + 6U k) -fi(uk). 

6. The maximum principle. 

The necessary condition for the existence of an extremal which is im- 
bedded in the above-mentioned field of extremals can now be derived. If 
~i(t), ~i(t). is the extremal from Xio, To. to X~, T1 we consider an e-va- 
riation 6u ~ which gives another curve x~(t): 

xi(t) : xi(t) + 5xi(f), T O ____ t ~ T I ,  

with 

ui(t) -- ~i(t) + ~ui(t), To <= t <= TI.  

where ui(t) is supposed tO be completely inside the admissible domain of 
the control variables. 

The value of the integral along xi(t), uk(t) is J(X~, T 1 ) and the difference 
between the value of the integral along the curve x1(t)and J(X~,TI)is 

T 1 

f uk(t);t) - 
T o 

Since 6x i is of order c, we again expand into a Taylor series with respect 
to the 6x i 
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f~ �9 { F ( x i ,  u k, t) - F ( x i ,  u k ; t )  + F ( x  i + 6xi ,  fi k, t) - F ( x i ,  ll k, t ) } d t  = 

T O 

--/~ {~x~, .~,~l-  ~cx',~,~l + % ~'}  d~ + 01o"l 
T o 

w h e r e  5x i i s  a s o l u t i o n  of the  e q u a t i o n  

6~i = fi. 6x j + fi(xJ Uk t ) _ fi(xJ,l~k i ) 
x] ~ 

Introducing a vector pi(t)we remark that 

d " �9 i ' " i ^k). 
--dr (PiSX~) = Pi6X + pi6~i  = ~iSxl  + Pjf~i 6xl + p i f i (uk)  - pi f (u 
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If  the v e c t o r  Pi  i s  to s a t i s f y  the e q u a t i o n  

l~i = -f~iPj + F~i 

the integral transforms into 

{ F ( x  i ,  u k, t) - F ( x  i ,  fi~, t) + ~- (p i6x i) - p i f i (u  k) + p i f i (u  k) } d t  + O(e z) 

T o 
o r  

T1 

P i ( T 1 ) 6 x i ( T l )  + ] ~ F ( x i , u k , t )  - F ( x i , u  k , t )  - p i f i (u  k) 

T O 

We s u p p o s e d  the  v a l u e  J ( X i , T )  to be  a f u n c t i o n  of  c l a s s  C 1 
b o u r h o o d  of X [ , T  1. 

If now Pi is  f i x e d  by  the  c o n d i t i o n s  t ha t  a t  t = T 1 

the 

+ pifi(llk)) dt + O(e2). 

in  a n e i g h -  

Pi = Jx[' 

term 

p~ (T~)~• ) = Jx~ ~(% ) = J(X~ + ~x ~, T~ ) - J(X~, T~) + 0(J), 

and  the integral 

T1 

/ (~lxi,uk, tl ~lxi,~k, tl pifi~ukl +pific~}dt+ 01o21 
To 

is the difference of the value of the integral along the curve xi(t) and the 
value along the extremal with the same end point (at t = TI). If this actually 
is to be an extrernal, we must have 

T1 

f {  F(x% uh - F(x i, ~ ,  t) - p, fi(u ~) + p~f~(~) } dt >- 0 t) 

To  
f o r  a l l  c - v a r i a t i o n s  6u i, 

Taking a special variation 
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8U i = 0, 

5u ~ = U ~, 

6U i = O, 

T o < t < T  - i 

I T - � 8 9  ~t <=T + ~c ,  

T + � 8 9  < t  <__T1, 

we infer as in section 4 that 

F ( x i ,  uk ,  t) - F ( x i ,  uk ,  t) - p i f i ( u  k) + pifi(l~ k) > 0 

in  n e a r l y  e v e r y  p o i n t  of the  i n t e r v a l  f o r  a l l  a d m i s s i b l e  v a l u e s  of  u k. 
In this way a maximum principle is derived, which is similar to Pont 

tryagin's principle 
In order that ~ ~k gives an extremal from Xio,To to X~,T 1 which is 

embedded in a field of extremals starting from the same point, it is ne- 
cessary that there exists a solution Pi of the equations 

l~i = _ f~ipj + F~i , 

f o r  w h i c h  :[or e v e r y  v a l u e  of  t on  the  i n t e r v a l  T O ~ t <= T I :  

H(x i,u k,t) = - F(x i,u k,t) + pjf'(x i,u k,t) <___ H(x i,uk t). 

Since this principle is to hold for every value of e and 6x i = x i - ~i is of 
order G we must also have for points on the extremal 

H ( f  i,  u k , t) =< I-I(f% ,]k, t). 

7. Specification of the maximum principle f o r  inequality constraints on the 
control variables.  

In the preceding section the minimum condition of the integral is reduced 
to. a maximum condition of the control variables u i on points x~(t) of the 
extremal. 

This means that for a fixed value of t we have a simple optimization 
problem for functions of a nttmber of variables u k 

H(u  k) _<_ H(uk), 

where, since x i, Pi and t are fixed, we only have 

H = -F(u k) + pifi(uk). 

The constraints are expressed in ~ the form of a number (/~) of inequalities 

g {uk(t), t) <_ 0 ,  -- 1 . . . . .  

w h e r e  the  f u n c t i o n s  gX a r e  of c l a s s  C 2. 

gX(u k) ~ 0, X = 1 . . . . .  ~. 

We introduce slack variables z ~ 

g~(u k) + z ~ = 0, ~( = I ..... ~. 

Then the Z k are subject to the conditions 

z .~< >__ 0, 9< : 1 . . . .  ,/~. 
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We now suppose that in the maximum point z x = 0 for ~ = i,...,~ < m, 
and z ~ > 0 fors u + i, .... g and impose the condition that for a small 
variation 6u k = u k - ~k which does not leave the admissible region 

5H <_--0. 

The constraints give conditions on the 5u k which follow from 

g~k" 6uk + 6z~ = 0, X = i~...,p, 

but for X = 1 ..... u the 6z ~ are limited 

6z ~ >_ 0, ~ = 1 . . . . .  u, 

f o r  ~ = ~ + 1 . . . . .  ~ f o r  s u f f i c i e n t l y  s m a l l  5u k we  a l w a y s  h a v e  

z ~ + 6z ~ > 0. 

Hence the 6u k are only restricted by 

g~6u k = - 6z ~, K = i ..... u, 

where g~ is an abbreviation for g~k. 

If the g~(u k) are independent, the rank of the matrix g~ is u and we 
can rearrange the variables u k, so that 

de t (g~ )  ~ 0, ~ : 1 . . . . .  u; k : 1 . . . . .  , .  

I n t r o d u c i n g  the  i n v e r s e  m a t r i x  71  of g~, d e f i n e d  by  

1 j( 
7~g k = 6~ = I, for 1 = k, 

= 0, for 1 ~ k, 

we can express 6uk(k = 1 ..... u) into 6u ~+h (h = 1 ..... ~-u) and 6z ~. 

1 J(6u k "Y~k = -~/16Z~, 1 = l,...,W, 

or 

1 Jr 6uV+h 1 6ul = - T ~ g v + h  - T~6zX,  1 = 1 , . . . , y .  

H e r e  the  v a r i a t i o n s  i n  6u ~+h a r e  a r b i t r a r y  ( i f  s u f f i c i e n t l y  s m a l l ) ,  b u t  t he  
6z ~ a r e  s u b j e c t  to the  r e s t r i c t i o n  5z ~ >_ 0. 

I n s e r t i n g  i n t o  t he  e x p r e s s i o n  f o r  5H 

i 6u ~+h i 6U v+h 6H = - Fuj 6U j + PifuJ6U j - Fuv+h + Pifuv+h ; j = i ..... u, 

we obtain 

6H = - ( F n ~ + h  + T  j x F )6u ~+h i f i  v+h i j gv+h uJ +Pi(fu ~+h +TJg~'x~ uj)6u -(-Fuj+pifuJ)T~6z 4=0. 

The condition is simplified when introducing parameters la 

k;( = ( - F u j  + PifuJ 

a n d  t a k e s  the  f o r m  

f t )t ~ 6U v+h (- Fuv+h + Pi u v+h + ~g~+h) - ~ 6zx >--- 0 
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for arbitrary 5u ~+h and 5z ~ >= 0. 
This gives the necessary conditions 

- Fu~+h + Pifu~+h + XKgu~+h = 0, 

X~ < O, 

w h i l e  f r o m  the  d e f i n i t i o n  of  X~ i t  f o l l o w s  t h a t  a l s o  

- Fuj + Pi fiuj + g~uJX~ = O, j = 1 . . . . .  v. 

Hence the maximum principle requires the existence of v multipliers X~ <__ O, 
which satisfy the In conditions 

- Fuj +pifiu j +X~cgu~j = O. 

In this way we have expressed a set of necessary conditions in the form 
of a set of equations for the functions xi(t), pi(t), uk(t), X~(t): 

~i = fi(xJ ' U k, t) ,  

= _ f J  Pi xlPj + F x i '  

g~(u k , t )  = 0, 

i 
- Fuj §176 PifuJ + )~guJ  = 0, 

~ =%0. 

N o w  i t  i s  p o s s i b l e  to  l o c a t e  d i s c o n t i n u i t i e s  in  the  e x t r e m a l s .  A s  l o n g  a s  
k~ < 0 in  a c e r t a i n  i n t e r v a l  T O < t <= ~'1 the  v a r i a b l e s  s a t i s f y  a s e t  of  a l -  
g e b r a i c  and  d i f f e r e n t i a l  e q u a t i o n s  a n d  h e n c e  x i, u k, X~ and  p i a r e  d i f f e r e n t i a b l e .  
But  a s  s o o n  a s  X~ p a s s e s  t h r o u g h  z e r o ,  t he  c o n d i t i o n s  a r e  no  l o n g e r  s a t i s -  
f i ed .  H e r e  the  a s s u m p t i o n  t h a t  z ~ = 0 (~ = 1 . . . . .  v) m u s t  be  a l t e r e d .  T h i s  
m e a n s  t h a t  the  s e t  of  e q u a l i t y  c o n s t r a i n t s  c h a n g e s .  T h i s  g i v e s  r i s e  to  a 
p o s s i b l e  j u m p  in  the  u i, w h i c h  r e s u l t s  in  a d i s c o n t i n u i t y  in  t he  d e r i v a t i v e s  
of x ~(t). 

In  the  i n t e r v a l  ~'o -<-- t --<_ ~'1 i t  i s  no t  n e c e s s a r y  to c o n s i d e r  v a r i a t i o n s  5u k, 
which show this jump, only uniformly small 5u k suffice to derive the 
necessary conditions, shown here. 

8. Direct derivation of the differential equations with general inequality 
restrictions on the control variables. 

Once it is shown to be possible to locate discontinuities in li k , it is also 
possible to give a direct derivation of the set of differential equations, 
which are necessary conditions for the functions Ilk(t) to give a minimum 
value to the integral. With this aim in view we specify the constraints in 
an even more general form containing both state and control variables 

g~(xi ( t ) ,  uk( t ) ,  t) <--__ O, K = 1 . . . . .  /~, 

where we suppose that the functions g~ considered as functions of u k are 
independent, i.e. for every combination of v equations the matrix 

( g : k )  0~ = 1 . . . . .  v =< m 

has the rank v. 
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W e  s u p p o s e  t h a t  in  a s u b i n t e r v a l  ~'o = < t <= ~'1 of  T O <= t < = T l t h e  u k , x i  
satisfy the conditions 

g~(x i ,  u k,  t) = 0, f o r  ~ = 1, . . . ,  v =< m 

g~(xi, uk,t) < O, for ~ = v+ 1 ..... /~. 

Then again introducing the slack variables z~(t) by 

g~ + z ~ = 0 

we have 

zf = 0 for ~( = I,..., v, 

z ~ > 0 for ~ = v + i,...,/~. 

In the interval T O _<__ t _<__ ~'I we introduce uniformly small e-variations 6u k. 
Then the 5x I satisfy the differential equations (neglecting terms of order 

e 2 ) 

i k 61i = fi 5x j + fffk6 u , i = i, n. 
:r �9 " " ' 

A c c o r d i n g  to t he  c o n s t r a i n t s  w e  h a v e  in  e v e r y  p o i n t  

k gs ~ 6xi  + gffk 6u + 5z~ = O, 

w i t h  5z ~ _> 0 f o r  ~ = 1, . . . .  v <__ m .  
T h e  c o n d i t i o n s  f o r  ~ = v + 1 . . . . .  ~ do n o t  g i v e  r e s t r i c t i o n s  on  the  6x ~ 

and 6u k, if they are sufficiently small. 
The difference in value between the integral along the varied curve and 

the extremal is 

rl 
/ { F ( ~ i  + 5x i ,  6 k +  6uk,  t ) -  F ( ~  i, 6 k  t ) } d t  = 

T O 

rl 
= / {F~i6xi + Fffk6Uk} dt + 0(e2)" 

T o 

Now we have n+v relations between the variations 5u k, 5x I and 5z ~. Ac- 
cording to our assumption we can rearrange the u k, so that 

d e t ( g : k )  # 0, K = 1 . . . . .  v; k = 1 . . . . .  v .  

I n t r o d u c i n g  the  i n v e r s e  m a t r i x  T~ 

T ~  g u k = 5 , 

we have 

K 6U ~+h 1 K " 1 6u I = _ Tlgff~+h - T~g~i6x  I - Tx6z , 

and the equations for 5~ I take the form: 

= - ffflT~ gfj ) 6xj + fff~+h - ffl T~ gffw+h - fffl T~ 5z �9 

i ,  j = 1 . . . . .  n; I , ~ =  i . . . . .  v; h = 1 . . . . .  m - v ,  
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while the integral transforms into 

T 1 

(F~i - Fill T~g~i)6x + (Ffl~§ - Ta}gfl~+h Fill - Fg~ 7~ 

For  further reduction of this integral we introduce a vector Pi' for which 

d ( p i 6 x  i) = 15i6x i + pi6~ i = 

�9 ~ ]- j i z ]- v+h = 15i6xi+pj(f$i-f~iTl gs i~f~+h - fal'/'~gfl~'+hfOU i 1 - pif{ti T~ 6z*.  

In order to use 
defined as a solution of the differential equation 

- ff l lT~gxi)P j = F~i - Fal T ~ g ~ i ,  

a n d  the  i n t e g r a l  t r a n s f o r m s  in to  

Pi6X + F~+h - Tlg~+h Fill - pj 
To 

T~ i 1 Z ~ 1 ~] 
+ piffilT~6 - F~iT~6Z dr. 

The multipliers k~ are introduced as 

f~ 1 1 + Pi ~IT k~ = - Fil lT~ 

and  the  r e d u c e d  f o r m  of the  i n t e g r a l  i s  

this result for simplification of the integral the Pi are 

_ fj . I ~( .]~ ~+h 
fflr~ gfl~+h) ~ ou  + 

piax + (Fa~+h - 
wo r o 

J ~ )6u ~+h ~} pjfi~+h + k g~+h + k~6z dr. 

Since now we have only considered uniformly small variations 6u k, it is 
sufficient to consider variations 6u k for which 6x~(~'o) = 6xi(ri) = 0. In this 
case we have the condition that 

T1 
f {(F~+h -Pjf~+h + X~gQ~§ 6u~§ 6z~}dt >--_ 0 

% 

for arbitrary 6u ~+h and 6z~>___ 0. 
Using the fundamental lemma of the calculus of variations this leads to 

Fi~+h - Pjf~+h +)t g6~+h = 0 

together with 

X,__> 0. 

From the definition of k~ we also see that 

- Fat + p f i + X~g~l = 0 

arid we obtain for the determination of the extrernals the following equations 
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~i  = f i (xJ uk t ) ,  i = I . . . . .  n, 

J + F  + l~i = - f~iPj ~i k~g~ i ,  

0 = -Ff ik  + p j f  k + ~ g a k ,  k = 1, . . . .  m ,  

g~(x i , u  k , t )  = 0, k = 1 . . . . .  u 

k~>___0. 
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9. The Weierstrass -Erdmann conditions and the equation of Hamilton-Jacobi. 

W i t h  the  r e s t r i c t e d  v a r i a t i o n s  6 x i ( T o )  = 6 x i ( T 1 )  = 0 we d e r i v e d  the  d i f -  
f e r e n t i a l  e q u a t i o n s  w h i c h  a r e  s a t i s f i e d  a l o n g  the  e x t r e m a l .  We  r e p e a t  t h a t  
we  e s t a b l i s h  a s e t  of  n e c e s s a r y  c o n d i t i o n s  f o r  the  e x i s t e n c e  o f  a f i e l d  of  
e x t r e m a l s ,  w h e r e  ~ i ( t ) ,  i lk(t)  g i v e s  a s i n g l e  e x t r e m a l ,  e x t e n d i n g  f r o m  Xio(To)  
to  x~(% ). 

We now c o n s i d e r  the  g e n e r a l  v a r i a t i o n s  6xi ( t )  and  m o r e o v e r  we  e x t e n d  
the  i n t e r v a l  ~'o <= t _< T 1 to  T o + 6T o <__ t <--_ "1"1 + 6T1. 

T h e n  a l o n g  the  a r c  of  the  v a r i a t i o n  c u r v e  t he  v a r i a t i o n  of  t he  i n t e g r a l  i s  

!i* 6T1 

,ro,dToJ F ( x i '  u k '  t )d t  - 

To 
= ~ F(x i, u 'k, t)dt + 

T o + ~fT o 

6 k,  t )d t  f rl F(s 
To 

T 1 + 6T 1 

j F ( x i  uk  t )d t  + 

T1 

T 1 Q, 
/ {F(:~i + 6x i, ilk+ 6u k, t) - F(x i, ilk f)} dr= 

% 

k F(x~,uk T1)6TI + pi(T1)6X ~ : _ F(Xio, Uo,To)6To + 

X 6 z ~ d t  + 0 (e2) ,  

+ 

T O 

where use is made of the reduction of section 6. 
The total displacements of the end points are 

= + f 6T1. 

: 6X o + 

and the variation of the integral is 

T 1 

: - HI" arl + Pi(T1)ax~ § Ho'aTo - a(To)aX~o + I X~6z"dt. 
% 

We now remark that this expression is only the contribution of the arc 
between T o + 5% and T I + 6TI of the varied curve. Moreover, the varia- 
tions 5%, 6T 1 are arbitrary (although small) and also the variations 6Xio 
and 6xio can be chosen arbitrarily. 
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In fact, the variations 6x i satisfy a set of linear equations where the 6u k 
are functions, only subjected to the restrictions 

g : i 6 x  i + gu~k6U k + 5z ~ = 0, ~< = 1 . . . . .  Y ~ n 

6z ~ _-> O. 

S t a r t i n g  w i t h  5 x i ( T o . ) i t  i s  a l w a y s  p o s s i b l e  to  f i n d  a s e t  of  f u n c t i o n s  6u  k s o  
t h a t  e n d  v a l u e s  5x~O-1) a r e  r e a c h e d  b y  s u p e r p o s i t i o n  o f  a s e t  of  n s p e c i a l  
functions 6u k which satisfy the restriction. 

Now for two intervals, adjacent, so that 

- + ~ - + + 

7" 1 = TO, ~/" ~- ~T I = T o q- ~TO~ 

i -  i+ i -  i -  i+ i+ 
X 1 = X O , X 1 + 6X 1 = X o + 6X O 

the contribution of the common endpoint to the variation of the integral is 

( - H  1 + H+o)AT + ( P i l  - p : o ) A X i .  

S i n c e  &T a n d  A x  ~ a r e  a r b i t r a r y ,  w e  m u s t  h a v e  

H+o = H$,~ Pit = P~I' 

i.e. the Pi and H must be continuous at the junction of the intervals. At 
the final end point T 1 we have 

A J  = - H ( T  1 ) A T  1 + P i (T1)&-X , 

which shows that not only, as was used in the definition of P i  

J x  i = P i ( T 1 ) ,  

b u t  a l s o  

JT = - H(T1)" 

S i n e e  t h e  Pi a r e  d e f i n e d  b y  d i f f e r e n t i a l  e q u a t i o n s  a n d  t h e y  a r e  c o n t i n u o u s  
a t  t h e  j u n c t i o n  of  i n t e r v a l s ,  t h i s  g i v e s  t h e  o n l y  b o u n d a r y  c o n d i t i o n .  

I t  i s  p o s s i b l e  to  i n t r o d u c e  a l o n g  t h e  e x t r e m a l  t h e  v a r i a b l e s  x i a n d  Pi  a s  
c a n o n i c a l  v a r i a b l e s .  I n  t h i s  c a s e  u k a n d  X a a r e  c o n s i d e r e d  a s  f u n c t i o n s  of  
• a n d  P i '  d e f i n e d  b y  t h e  m + v  e q u a t i o n s  

0 = - F u k  + pj f Ju k + ) t ~ g : k ,  k = i ,  . . . ,  m 

g K ( x i ,  u k , t )  = 0 .  K - - -  1 . . . . .  U. 

W e  i n t r o d u c e  t h e  H a m i l t o n i a n  i n  t h e  f o r m  

H = -F + pi fi + k~cg ~. 

Along the part To <_-- t <__- TI g~ = 0, at a switching point where for a value 
of ~ k~ = 0 we keep this value for k~ and go to another constraint g~' = 0 
which starts with Xjr = 0. 

Hence we may write 

3u  k 8k~  

+ Huk ~ + 
Ox ~ H x a  Ox i 



But  

Optimization Theory For Ordinary Differential Equations 

Huk = -Fuk  + Pjf~k + k~g:k  = 0 

au k a k 
�9 + 

+ Huk 3p i Hx~ 3p i 

as  w e l l  a s  
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HX~ = g~= 0, 

and th~ equations take the canonical form 

~i = Hp i 

= - Hi 

Since H can be considered as a function of x i and Pi only the value of the 
integral satisfies the partial differential equation 

JT  + H( x i ,  Jx  i '  T)  = O, 

w h e r e ,  h o w e v e r ,  the  d e p e n d e n c e  of H on J x  i i s  i m p l i c i t .  

In e x p l i c i t  f o r m  we ob t a in  a s e t  of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  

JT - F(Xi' uk' T) + fi(xi, u k, T). Jxi = 0 

g~(X i , u  k ,T )  = 0 K = 1, . . . .  u, 

i . K 
- F u k  + fukJx  1 + k~guk = 0 k = 1 , . . . , m .  

T h e s e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  a r e  the  e q u a t i o n s  of H a m i l t o n - J a c o b i ,  
o r  the e i c o n a l  e q u a t i o n s .  

T h i s  d i f f e r e n t i a l  e q u a t i o n  is  o n l y  l i n e a r  in a p p e a r a n c e .  P u t t i n g  Jx  i = Pi 
we h a v e  

JW - F(Xi'uk'T) + fipi = 0 

where the u k depend on x i and Pi from 

g~(X i , u  k , T )  = 0 

i ~r 
- F u k  + fukPi + k~guk = O. 

T h e  e q u a t i o n s  of C h a r p i t - L a g r a n g e ,  wh ich  g ive  the  c h a r a c t e r i s t i c s  f o r  the 
e i c o n a l  e q u a t i o n  

d% dx i 
= = d P  i = 

i au k f j  i au k 
1 f i  + (_Fu k + fu k Pi) ap i - Fx i  + xiPj + ( -F u k  + fnkPi ) "3X i 

using the last equation 

dt dx i dPi 
_ _  = _-- 

I fi 2t ~ auk j ,K aU k " 
- ~gu k api -Fxi + fxiPj- Xaguk ax i 

F rom 



18 0 R. Timman 

g~(X i , u  k , T )  = 0 

we find 

gu~k Duk 
�9 OPi 

and  

= 0 

g ; i  + gu~k 0uk : - 0 
0X 1 

which shows that the characteristic equations can be written as 

dt dx i dPi 

I fi -Fxi + f~iPj + kxgxi 

i.e. here again the canonical equations are the characteristics of the eiconal 
equation. 

At a switching point, where k~ = 0, the last equation shows that the 
derivatives Jxi are continuous, as they are expected to be. 

10. Constrafnts  in the state variables only.  

If  the  c o n s t r a i n t s  c o n t a i n  the  s t a t e  v a r i a b l e s  o n l y ,  the  m a t r i x  g~uk i s  

c o m p l e t e l y  d e g e n e r a t e  and  the  p r e c e d i n g  c o n d i t i o n s  a r e  no l o n g e r  v a l i d .  
T h e  c o n s t r a i n t s  a r e  s u p p o s e d  to h a v e  the  f o r m  

g~(x i , t )  <___ 0, x = 1 . . . . .  ~, 

w h i c h ,  a f t e r  i n t r o d u c t i o n  of the  s l a c k  v a r i a b l e s  z ~ p a s s e s  in to  

gX(xi, t) + z ~ = 0, 

where 

z __>0. 

We suppose that in the interval ~o <= t < ~'i, 

z ~ = O, ~ = l,...,u, 

and  

z ~ > 0, K = u + 1 , . . . , / - t .  

T h e n  the  v a r i a t i o n s  6x 1 a t  e a c h  p o i n t  a r e  l i m i t e d  by  

6 x  i + 6 z  ~ = 0 K 1 ,  gxi = ... ~ u, 

where 6z x >_ O. This leads to u multipliers kx >_ 0 so that we have to 
determine the u k in such a way that the integral 

/ T l { F ( x i , u k ,  t) - k~<g~(x i, t ) } d t  

7" 0 
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attains a minimum value. 
After the introduction of the appropriate k~ the variations ~x I are no 

longer restricted. This means that we can now study the effect of a varia- 
tion 6u k on the integral. The eorresponding variation ~x i follows from the 
differential equations 

(5~i = f i .  (Sx j + fiuktSuk 
xJ 

and  the  v a r i a t i o n  in  the  i n t e g r a l  i s  

J ~ F x i  ~x i _ Fuk~U k _ k g x i 6 x i } d t  

% 

w h e r e  k ,  >= 0 f o r  ov = 1, . . . .  ~. 
I n t r o d u c e  a s  b e f o r e  c o n j u g a t e  v a r i a b l e s  P i '  we  h a v e  

d 
d'-~ (Pi ~xi) = t3i ~Xi + Pi 6 i i  = Pi gxi + PJf~i ~xi + PJf~ k~uk 

Hence, putting 

�9 K 

Pi = -PjfxJi + Fxi - k~g• i 

the variation of the integral takes the form 

Ldt (Pi ~xi) + ( F u k  P1 f = + (Fuk - p j fJuk)6ukdt .  
r ~ L _1 r o ro ~ 

T h i s  l e a d s ,  s i n c e  the  6u k a r e  f r e e ;  to  t he  c o n d i t i o n  

J = 0. FuR - pj f uk 

We obtain the system of equations for the determination of Pi' xi and u k 

~i = fi(xJ U k,t), 

~- -- 2f 

Pi % f Jxi + F - g 

0 = -p j f 'uk  + Fuk , 

w h e r e  )ta > 0. 

I f  f o r  a v a l u e  of  r o f o r  c e r t a i n  v a l u e s  e o f  ar )t~ g o e s  t h r o u g h  z e r o ,  the  
e o n d i t i o n  g ~  = 0 c e a s e s  to  a p p l y  and  the  v a l u e  of  )t~ r e m a i n s  z e r o .  

In  o r d e r  to  d e r i v e  the  W e i e r s t r a s s - E r d m a n n  c o n d i t i o n s ,  we  c o n s i d e r  the  
v a r i a t i o n  a l o n g  an  i n t e r v a l ,  e x t e n d i n g  f r o m  r o + a ro  to  r 1 + ~ r  1 and  r e -  
marking that 

( a x i ) l  = (~x i ) l  + f ~ r l ,  (Axi )o  : (~Xi)o + f i ~ r o ,  

the variation takes the form 

- (F6T)o + (F6"r)l + j (Fxi 6x I + Fuk 6uk)dt = 
/. 

ro 

-(F + pifi)16~-i + (-F + pifi)o6ro + (piAxi)l - (PiAXi)o . 
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N o w  f o r  t he  total  v a r i a t i o n  Ax ~, A t  we  m u s t  h a v e  

Ax i + g ~ A t  + A z  ~ = 0 
gx i 

with Az ~ .>__ 0, or 

- ~=.6x  i - (g~ + f i g x ~ i ) S t  = 6z ~< ( g f  + f i g x ~ i ) 6 t  > O. ~,X1 

Now we already have 5z~_>_ 0, in order that Z~z~_ 0 for positive and 
negative values of 5t we must have 

dg  ~ ~ i 
gx i f = dt  e g~ + 0, 

i.e. at the endpoints the trajectory must be tangent to the surfaces ex- 
pressing the boundary conditions. 

At the junction of the two intervals, the Pi and H = -F + pi fi + k,g ~ 
are continuous. Here we have derived conditions for the minimum problem 
for the integral 

J = I (F  - k~g=)d t  = 

To 

Introducing a factor ~ by 

Fdt - k~ g~dt. 
,9 

T O T O 

and  r e m a r k i n g  t h a t  a l o n g  the  e x t r e m a l  dg~  = 0 ,  we c a n  a l s o  w r i t e  
d t  

r l  TI TI [ ITI 

, % -  % 

The Hamilton-Jacobi equations refer to this function. Hence 

Pi = Jx i' Jt = -H. 

If, instead of J we want to consider the original integral 

T ~ T1 ~'o 

we derive the modification of the Hamilton-Jacobi equations by the consi- 
deration of a variation, which extends from T o + 5~ o to ~'i + ST1, and 
where the variation starts at 

AXe" = 6X oi + (f i6T)o ' AX~ = 6X I + (f i6T)l  

[ " ]I [PiAxi + JT6t]l Then ZlJ = Jx iAx~ + JT 6T o = o = 

",~ 1 [ ~(gxiAxi + g~At)]l = [Jx taxi + Jt 5t]o - o 

From this result we see that 

J : i  = Pi + ~gx i "  

J~" = - H + ..g~. 
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At a junction, where the trajectory leaves the boundary condition ga = 0 
the ~ jumps to zero and we have a jump in the values of LI;] and J~:~, which 

c~ is proportional to gxi and g~ with the factor ]~. 

11. The problem of Mayer. 

In many applications the object function is not an integral, but only a 
function of the end values X~,T 1 of the variables xi,t: ~(X~,TI). In this 
case obviously the endpoint cannot be fixed. Hence we can only consider 
the problem, where we have a set of end conditions 

vP(X[,T ) = 0, p = I,...,I < n, 

which leave a certain amount of freedom. 
The differential equations again have the form 

:~i = fi(xJ(t), uk(t), t), i = i, .... n, 

w i t h  c o n s t r a i n t s  

g~(x  i , u  k , t )  --<_ O, = 1 , . . .  ,~. 

A s  b e f o r e  t he  g~ a r e  a s s u m e d  to  b e  i n d e p e n d e n t .  
T h e  f u n d a m e n t a l  p r o b l e m  h e r e  a g a i n  i s  to  e s t a b l i s h  a s e t  of  n e c e s s a r y  

c o n d i t i o n s  f o r  t he  e x i s t e n c e  of  a f i e l d  of  e x t r e m a l s ,  s t a r t i n g  f r o m  a f i x e d  
p o i n t  X i o , T  O to  e a c h  p o i n t  o f  a n e i g h b o u r h o o d  of  p o i n t s  w h i c h  s a t i s f y  t he  
e n d  c o n d i t i o n s .  S u p p o s e  w e  h a v e  a n  e x t r e m a l  f i( t) ,  �88 w h i c h  s a t i s f i e s  

X i = f i ( ~ j  l~k  t) 

with 

z ~ = 0, K = i,..., ~, 

a n d  r  1 ), T 1 } m i n i m u m .  

W e  c o n s i d e r  a n e i g h b o u r i n g  c u r v e  w i t h  fik + 6u k a s  c o n t r o l  v a r i a b l e s  e x -  
t e n d i n g  f r o m  T = T O to  T = T 1 w h e r e  6u  k i s  u n i f o r m l y  s m a l l .  

T h e n  

6X i = x i ( u k ,  t) - Xi( l~k, t ) ,  T O <-- t <_-T1 

is the solution of the equation 

6xi = fiSXJxj + fu ki 5u k 

with initial condition 5xi(To)= 0. 

AX i 5 x i ( T 1 )  + f i ( x  ~ k = , U 1 , T 1 ) S T .  

In  o r d e r  to  f i nd  a n  e x p r e s s i o n  f o r  6x i (T1  ) in  t e r m s  of  5u  k w e  a g a i n  i n t r o d u c e  
the variables Pi as solutions of the equation 
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Then 

B u t  

R. T imman 

d �9 i - i  i i " " j< " 
--dr (Pi6xi) = Pi6X + pi6x = Pifx j 6xJ + Pifu k 6uk - f~iPJ 6xI + /~r 6xl. 

gx~i 5x i + gu~k6U k + 5z k = O, 

which yields 

d �9 i ~ z k d-~ (Pi 6x~) = Pifu k6uk -X~guk6Uk -k~6 

PiSX i TI 

To 

o r  
T 1 T 1 

f (pifiuk - kzgu ~k)6ukdt - I X~6z~<dt. 

To To  

The end conditions ~P(X~, T I) = 0 are taken into aceount by the introduction 
of Lagrange multipliers ~p, we seek the minimum of 

i.e. the condition gives: 

[~xi - ~p~xPi]Sx~>__ O. 

Choosing now the end conditions for Pi equal to 

= @ 
Pi ~x i - %~• 

we have 

i X ~ 6 z ~ d t  ~ O. Pifu k - 

T O T o 

Since the 6u k are arbitrary, we have 

pif i - ~ = uk X guk 0 

a n d  

k~ _<_0. 

T h i s  g i v e s  t h e  f o l l o w i n g  s e t  of  n e c e s s a r y  c o n d i t i o n s :  

�89 = f i ( ~ j  u k , t )  i = 1 . . . . .  n 

15i = - f ~ i P j  + k ~ g ~ i  

i - k~gu% = 0 k = 1, m Pifuk �9 . . , 
g a ( x  i, u k, i) = 0 ~ = 1 . . . . .  ~, 

w h e r e  f o r  t = T 1 t h e  e n d  c o n d i t i o n s  f o r  P i  a r e  d e t e r m i n e d  f r o m  

P i ( T 1 )  : CXi - P p g ; i  p = 1 . . . . .  1 

~ P ( X  i,  T 1) = 0 
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12. Time optimal problems,  which are linear in the state and control 
variables. 

If  the x i have  to s a t i s f y  a s e t  of l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

�9 i i x J  i k " 
x = aj + eku + d ~, i = l,...,n, k = l,...,m, 

where the u k are restricted by the conditions 

g~u k + h e< _<_ O, o< = i ..... /a, 

and it is required to find those values of u k, for which a curve, starting 
at a point X~ for t = 0 reaches the origin X~ = 0 for a minimum value of 
TI, the conditions of the preceding section require the solution of the set 
of adjoin% equations 

t~ i = . a lp j ,  

w h e r e  the u i have  to be c h o s e n  s u c h  as  to maximize  

H = 1 + P ia lx  j + PiC~U k + pi di 

with the constraints 

g~u k + h a< <_ 0, ov = 1 . . . . .  /~. 

T h i s  m e a n s  tha t  a t  e a c h  t ime  the v a l u e s  of u k a r e  d e t e r m i n e d  by  a l i n e a r  
p r o g r a m m i n g  p r o b l e m .  

F o r  a m a x i m u m  the )tot w h i c h  a r e  d e t e r m i n e d  f r o m  the c o n d i t i o n s  

i + )td~g~ = 0 k = 1, PiCk . . . ,  m 

have  to s a t i s f y  )t~ <-__ O. 

A p p a r e n t l y  the )te< a r e  the dual  v a r i a b l e s  of the l i n e a r  p r o g r a m m i n g  
p r o b l e m  and the w e l l - k n o w n  r e s u l t s  a p p l y  tha t  a l w a y s  e x a c t l y  m e q u a l i t y  
c o n d i t i o n s  on the u k a r e  s a t i s f i e d .  F o r  c h a n g i n g  v a l u e s  of Pi the c o s t  f u n c -  
t ion  c h a n g e s .  H e n c e  in this  c a s e  we have  a c a s e  of p a r a m e t r i c  l i n e a r  
p r o g r a m m i n g .  

I t  is  n e c e s s a r y  h e r e  tha t  the n u m b e r  of c o n d i t i o n s  /~ is  g r e a t e r  than m ,  
the n u m b e r  of p a r a m e t e r s  u k. 

If  the e n d p o i n t  is the po in t  X~ = O, i t  is  n e c e s s a r y  tha t  this  endpo in t  is  
a l w a y s  r e a c h e d  a l o n g  a c u r v e ,  w h e r e  the u k a r e  c o m p l e t e l y  d e t e r m i n e d  by 
a s e t  of m e q u a l i t y  c o n d i t i o n s .  H e n c e ,  we have  a s e t  of f ixed t r a j e c t o r i e s  
t h r o u g h  the o r i g i n ,  a l o n g  wh ich  the o r i g i n  can  be r e a c h e d ,  e a c h  c o r r e -  
s p o n d i n g  to a v e r t e x  of the S i m p l e x  f o r m e d  by  the h y p e r p l a n e s .  

A p p a r e n t l y ,  on ly  in the l i n e a r  c a s e  t h e s e  s i m p l e  c o n d i t i o n s  app ly .  
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